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ABSTRACT. In this paper Jordan algebraic methods are applied to study Toeplitz
operators on the Hardy space H(S) associated with the Shilov boundary S of a
bounded symmetric domain D in C”" of arbitrary rank. The Jordan triple system
Z =~ C" associated with D is used to determine the relationship between Toeplitz
operators and differential operators. Further, it is shown that each Jordan triple
idempotent e € Z induces an irreducible representation (*“‘e-symbol™) of the C*-
algebra 7 generated by all Toeplitz operators T, with continuous symbol function f.

0. Introduction. Toeplitz operators on the boundary T = 9A of the open unit disc
A C C play an important role in function theory of one complex variable (cf. [9,
Chapter 7)). In several dimensions Toeplitz operators have been mainly studied for
strictly pseudo-convex domains D C C" [4, 13, 14, 24, 28], in particular for the Hilbert
ball [7], using the relationship with pseudo-differential operators. Another class of
domains in C” generalizing the unit disc is the class of bounded symmetric domains
(Cartan domains and exceptional domains), which have a more complicated boundary
structure compared to the strictly pseudo-convex case.

The aim of this paper is the study of Toeplitz operators T; with continuous symbol
function f € (S) on the Shilov boundary S of a bounded symmetric domain D of
arbitrary rank r. In the special cases of the Hilbert ball (» = 1) and the Lie ball
(r = 2), the structure of the operators 7, and of the Toeplitz C*-algebra

Ti= CH(T: feC(S))

generated by these operators is well understood (cf. [1, 2, 7]). The general analysis
presented here is based on the Jordan theoretic characterization of bounded symmet-
ric domains. By [16, 20] every bounded symmetric domain D can be realized as the
open unit ball of a uniquely determined Jordan triple system Z ~ C" for the so-called
spectral norm, and the domains of tube type correspond exactly to the Jordan triple
systems defined by complexified formally-real Jordan algebras. The holomorphic
and boundary structure of D can be described algebraically in terms of the
associated Jordan structures (cf. [20, §6]).

In [27] the Jordan triple system corresponding to D has been used to determine an
explicit Peter-Weyl decomposition of the Hardy space H*(S) associated with S.
Based on the construction of the conical polynomials belonging to the irreducible
components of H?(S), our first main result (Theorem 2.1) concerns the relationship
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between the invariant differential and integral scalar products on these components.
As an application it is shown that, similar to the strictly pseudo-convex case, certain
“basic” Toeplitz operators can be described by differential operators defined via the
Jordan triple product (Theorem 2.11). In §1 the fundamental kernel functions (Szego
and Poisson kernel) are characterized in Jordan theoretic terms.

Applying the above results, it is shown in §3 that each tripotent e € Z (satisfying
the Jordan triple identity {ee*e} = e) gives rise to an irreducible representation
(“e-symbol”) of the Toeplitz C*-algebra J on a suitable Hardy space. Actually it can
be shown that every irreducible representation of & has this form, which implies that
% is a solvable C*-algebra (in the sense of [10]) of length r = rank(D).

1. Toeplitz operators. Let D be a bounded symmetric domain in a complex vector
space Z of finite dimension. Without loss of generality we may assume D is circular
and contains the origin. The identity component G of the biholomorphic automor-
phism group Aut(D) acts on the Shilov boundary S of D in a natural way and the
compact linear group

K:= {g€ G:g(0) =0}

is transitive on S [20, Theorem 5.3]. Denote by L*(S) the Lebesgue space associated
with the unique K-invariant probability measure p on S.

Since D is circular, the Hardy space H*(S) (cf. [17, §4]) can be identified with the
closure (in L?(S)) of the algebra ¥(Z) of all polynomials on Z. The orthogonal
projection 7: L?(S) —» H*(S) is called the Szego projection, being induced by the
Szegd kernel 5: D X (D U S) - C (cf. [17, §4]). Given f € L*(S), the bounded
operator T, on H>(S), defined by

Th:= n(fh)

for all h € H?(S), is called the Toeplitz operator with symbol function f. Putting
f(s) := f(s) for all s € S, the definitions imply

(1.1) T*=T;
and
(1.2) LT, =1,

whenever g € H*(S) (the bounded holomorphic functions) and f € L*(S). Here *
denotes the Hilbert space adjoint.

Our study of Toeplitz operators will be based on the Jordan theoretic description of
bounded symmetric domains in terms of Jordan algebras and Jordan triple systems
[16, 20). To indicate this relationship, recall that the Lie algebra g of G can be
identified with the set of all complete holomorphic vector fields on D [22, Chapter 9].
Holomorphic vector fields will be regarded as differential operators 4 = h(z)(3,/9z),
where h: D — Z is holomorphic and z denotes the “coordinate” of Z, acting on
holomorphic functions f: D — C via

(4-f)(z) = f(2)h(2),
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f’(z) denoting the derivative of fin z € D. Let ¢ = t © p be the Cartan decomposi-
tion with respect to 0 € D. By [20, Theorem 4.1] there exists a unique Jordan triple
product
ZXZXZ3(u,o,w) {u*w} €Z
such that
p={(v— {zv*z})(3/32): v € Z}.

The domain D can be characterized as the open unit ball of the Jordan triple system
Z for the so-called spectral norm. It is well known [16, 20] that the above
construction establishes a 1-1 correspondence between (circular) bounded symmetric
domains and the positive definite hermitian Jordan triple systems, called JB*-triples
in [27]. (By [6] this correspondence can be generalized to domains in complex
Banach spaces, thus motivating our terminology.) The group K, the largest con-
nected group of Jordan triple automorphisms (cf. [20, §3]) of Z, will sometimes be

denoted by K = Aut(Z )°. Our first lemma follows from [16, Chapter 1V, Theorem
6.2; 17, Remark 4.12 and 19, Theorem 17.3].

LeEMMA 1.1. For irreducible domains D of rank r and dimension d the Szegé kernel is
given by

S(u,v) = N(u, v)_d/r,
where N denotes the generic norm of the associated JB*-triple Z (cf. [19, §16]).

The homogeneous part of bidegree (1. 1) of the “sesquipolynomial” mapping N:
Z X Z - C s called the generic trace [19, §16] and is a K-invariant scalar product on
Z, denoted by (|). By [17, p. 342], the Poisson kernel ¥: D X S — R is given by

Iz, 0) 1= [5(z,0)[ /5(z. 2)
for all (z, v) € D X §. Differentiation and Lemma 1.1 yield

LEMMA 1.2. Suppose D is irreducible and v € S. Then the real analytic mapping 9,
z > 9P(z, v) has the derivative

P(0)u = (2d/r)Re(u|v),
where ( | ) denotes the generic trace.

The Shilov boundary of (classical) symmetric domains of rank < 2 is (essentially)
a sphere of appropriate dimension. In this special case, Toeplitz operators are closely
related to Calderon-Zygmund operators (pseudo-differential operators of order 0) [1,
2, 7). Using harmonic analysis in H*(S), we will now study relations between
Toeplitz operators and certain differential operators for irreducible domains of
arbitrary rank.

According to [25] the Hilbert space H*(S), endowed with the K-invariant integral
scalar product

(1le)s = [ 7C5) a(s) du(s).
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admits a Peter-Weyl decomposition (of the dense subspace P(Z))
(1.3) ?(z)= Z°E,

meN’,

into pairwise inequivalent irreducible unitary K-modules E,, associated with the
“signatures” m = (m,,...,m,), where

N, :={m=(m,....m)EN:m=---=m, =0}

On the other hand, the generic trace on Z associates a constant coefficient differen-
tial operator 9, with each polynomial p € %(Z) such that

3, = v(d/9z),

where / = v* is defined by v*(z) 1= (z|v) for all v, z € Z. The K-invariant scalar
product

(pl9)z = (3,9)(0)

on P(Z) (cf. [29, 2.1.4)) is called the differential scalar product. The decomposition
(1.3) is orthogonal for both scalar products and

(1.4) (rlg),=GC.pl9)s

for all p,q € E,,, where C,, > 0 depends only on the signature m € N, . Let C:
P(Z) — P(Z) denote the (unbounded) operator in H*(S) defined by

(1.5) CIE, = C, - id
forallm € N7 .
LEMMA 1.3. Suppose f, p, q € P(Z). Then
(Trlg),=(pldq),.

Proor. Using multiplicative properties we may assume f is linear, hence f = u* for
some u € Z. Since the subspaces $*(Z) of all k-homogeneous polynomials are
mutually orthogonal, we may assume further that ¢ = (v*)* and p € *~!(Z) for
suitable kK € N and v € Z. In this case,

(T,plq), = k!'f(v)p(v) = k! (v|u)p(v) = k(v|u)(k — 1)!p(v)
=k(olu)(p1(v)"),=(pl134q),. QED.

COROLLARY 1.4. The adjoint (with respect to H*(S)) of the Toeplitz operator T; for
f € P(Z) satisfies
Tr = Co,C -
where C is the “diagonal” operator in H*(S) defined in (1.5).

The transformation properties of the Poisson kernel & of D (cf. [17, §4]) imply
that for every g € G, with z := g(0), the image measure g,pu has the density
function @ (v) := P(z,v) for all v € S, i.e. g,u =P, - p. This leads to the follow-
ing result which will be considerably sharpened in §2.
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PROPOSITION 1.5. Let Z be an irreducible JB*-triple of rank r and dimension d.
Then the operator identity

*
0 0 d 4 d
¥, — - — — = _—
{zv*z} 3 (082) rT’ CT,C rT’

holds on P(Z) for every v € Z and | := v*.

ProoF. Consider the vector field
A= (v— {z0*z})(0/9z) E g
and put g, 1= exp(¢A4) for all t € R. Then

(poglaeg)s=[Pad((g)um) = [FaS 0 dr=(PlaT0)
s s :
for all p, g € P(Z). Differentiation and Lemma 1.2 yield
(4-plg)s+ (pl4-q)s=(pITq),.
where f(z) := (2d/r)Re(v|z). Polarization and Corollary 1.4 yield the assertion.
Q.E.D.

A bounded symmetric domain D is said to be of tube type if D is holomorphically
equivalent to a tube domain over a self-dual homogeneous cone. In terms of the
associated JB*-triple Z, this case is characterized by the existence of a unitary
element e € Z (satisfying {ee*z} = z for all z € Z) making Z into a Jordan algebra
with unit e, product z o w:= {ze*w} and involution z* := {ez*e}. The Jordan
algebras obtained in this way (called JB*-algebras in [27]) are precisely the com-
plexifications of formally-real Jordan algebras [5, Chapter XIJ.

Toeplitz operators on symmetric domains of tube type have special properties
which derive from the existence of the norm function N € P(Z) of the corresponding
JB*-algebra Z, normalized by N(e) = 1 and related to the generic norm of the
underlying JB*-triple via N(e —z) = N(e, z*) for all z € Z (cf. [19, p. 178,
Theorem 16.11]). By [27, Lemma 3.8], the norm function satisfies | N(z)|= 1 and
(O,N)z2) =1(z)N(z) for all z € S and every linear form / on Z. Applying (1.1) and
(1.2), it follows that

(1.6) T#T, = id
and
(1.7) TiT,n = T}

According to [27, Theorem 2.6], the cokernel of the isometry T, can be characterized
as follows:

PROPOSITION 1.6. Let Z be an irreducible JB*-algebra of rank r with norm function
N. Denote by S’ = (z € S: N(z) = 1} the “reduced Shilov boundary” of the open
unit ball D C Z. Then kex(T},) is the closure of the vector space

W(2)={pePZ):dyp=0}= 3°E,

meN; !
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of all harmonic polynomials on Z. Further, the restriction mapping p: Y(Z) — L*(S’),
defined by p(p) := p|S’, induces a Hilbert space isomorphism

(1.8) H(Z) ~ LXS).
Here we have used the natural identification
(1.9) N '={(m,....m,) EN, :m, = 0}.

In view of [27, Theorem 3.7] and (1.8), there exists a Hilbert space tensor product
realization

H*(S) =3 (Z) ® HXT),
where T C C denotes the 1-torus. Obviously,
T,=id®T,
where ¢ denotes the identity function on T. Similar tensor product realizations hold

for other “basic” Toeplitz operators (cf. [1, 2]):

PROPOSITION 1.7. Let Z be an irreducible JB*-algebra with norm function N. Given
v € Z, let |:= v* be the associated linear form. Then there exist tensor product

representations

(1.10) T,=A3®id+ Bf®T,
and

(1.11) Ta/NZBv®id+AU®T£,

where A, and B, are bounded linear operators on }(Z).

PrOOF. For any f € P(Z), T} leaves }((Z) invariant since [T, T3] = [Ty, T;]*
= 0. Given g € 3((Z), Theorem 2.6 of [27] results in a unique representation
(3,N)g= 2 N,
k=0
where g, € 3 (Z) for all k. Applying (1.6) and (1.7) yields

Trq= X N*'q, € H(Z)
k=1

which implies ¢, = 0 for all k£ > 1. It follows that
(,N)g=B,q+ NAg

for all g €JC(Z) and certain bounded operators B, and 4, on J(Z). This implies
(1.11). Further, (1.10) follows with (1.6) and (1.7). Q.E.D.

PROPOSITION 1.8. Let Z be an irreducible JB*-algebra. Suppose u,v € Z and
l:= v*. Then

(1) A4, =THI(Z), B} =Tiy|H(Z).
(2) [Au’ Av] :0: [Bu’ Bv]’ [Au’ Bv] = [Av’ Bu]’
(4, BY]=0=[B,, 45). [4, 4] =[B} B,].

The following lemma will be used in §2.
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LEMMA 1.9. Let Z be an irreducible JB*-algebra of rank r and dimension d. Suppose
v € Z and k € N. Then for every harmonic polynomial ¢ € X (Z),

L) N (Brg).

9 (nkg) = Nk ( _
{zv*z}az(Nq)—NqO-i- kt1—2

where q, € X (Z).
PrOOEF. According to Propositions 1.5 and 1.7,
h:= {zv*z}(3/3z)(N*q) = N*q, + N**q,

for suitable polynomials g, ¢, € H(Z). Given p € K(Z), it follows from (1.6),
Proposition 1.5, (1.10) and (1.11) that

, , ) d, .. .
(q11p)s = (RIN*T'p) s = (N*qI3,(N**'p)) s — — (N* 1 (Brq) IN*"'p)
r

d d
= (k+1)(qlp-9N)s——(BXqlp)s = (k 1= 7)(33‘qlp)s~
where [ := v*. Since p is arbitrary, the assertion follows. Q.E.D.

2. Toeplitz operators and differential operators. In order to make the relation
between Toeplitz operators and differential operators indicated in Corollary 1.4 and
Proposition 1.5 more precise, we will show how the eigenvalues C,, of the diagonal
operator C defined in (1.4) can be computed in a uniform manner from the signature
m = (m,,...,m,) of the K-module E,, and from certain numerical invariants of the
domain D.

Let Z be the JB*-triple associated with an irreducible bounded symmetric domain
D of rank r. An element e € Z is called a tripotent (“triple idempotent”) if
{ee*e} = e. Any frame {e,,..., e,} of minimal orthogonal tripotents [20, §5] induces
a Peirce decomposition

O<p=<g=<r

where Z, := {z € Z: 2{ejefz} = (8, + §,)z for | <j<r} and §,, denotes the
Kronecker symbol. The 3-tuple (r, s, 1), defined by s :=dim Z, (1 <p <g<r),
t:=dimZ, (1 <qg<r)[19,8§17] is called the type of Z or of D. Then ¢ = 0 if and
only if Z is a JB*-algebra.
For 1 < k < r, the JB*-subtriple
(2.1) Z, = 2® zZ,
r—k<p<gqgs<r

is a JB*-algebra with unit element e, ,_, + --- +e, Let N, € P(Z,) C P(Z)
denote the norm function of Z, (in general, for any subspace Z C Z, embed
P(Z) C P(Z) via the orthogonal projection onto 4 ). Then it has been shown in [27,
Theorem 3.1] (cf. also [15]) that for any signature m = (m,,...,m,) € N} the
polynomial

(2.2) N, := Nl'...N!

r
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is the conical polynomial (cf. [29,3.3, p. 211]) of E,,, where [, := m; — m, forj <r

and/,:= m,.Define L := {g € K: g(e) = e} fore:= e, + --- +e, €S. Then
(2.3) P,i= [(N,og)dg €E,

is the unique L-invariant spherical polynomial with P _(e) = 1. It is well known (cf.
[26, p. 448)) that

(2.4) (P,|P,)s = (dimE,)".

THEOREM 2.1. Let Z be an irreducible JB*-triple of type (r, s, t). Let S denote the
Shilov boundary of the open unit ball D C Z. Given any signature m = (m,...,m,) €
N, , the differential and integral scalar products are related for p, g € E,, as follows:

(m, +35(r—j)+ 1)
] (%(r-—j)-l-t)!

For the proof we assume, up to Lemma 2.6, that Z is a JB*-algebra.

(pld)z _ . _ 1
&9 (i), 8

LEMMA 2.2. Suppose m,n € N,"' C N, and (B*E,|E, ) # 0 for some v € Z.
Then

for all k € N.

PrROOF. Given ¢ € E, C ¥ (Z), Proposition 1.5 and Lemma 1.9 imply
CNk+l(B:q)=(k+ 1)q::,+k ,,,,, n, ,+k.k)Nk+I(B:q)‘

Since (B*q| E,,)s # 0 for some g, the assertion follows. Q.E.D.

LEMMA 2.3. Suppose m € N, '. Then (B*E,|E,)s #0 for n:= (m, +1,...,
m, ;+10)andv:= e,

PROOF. Put / := v*. Then N,_, and 9,N coincide on Z, . Further, 4v = 0 for all
vector fields A4 in the maximal nilpotent subalgebra n, of £ spanned by all positive
compact root spaces. This is clear if 4 € ffq and 1 < p < gq=<r(cf. [27, (1.8)]), and
it follows as in the proof of [27, Lemma 3.4] if 4 € £ and «|b_, = 0; now apply
[27, Theorem 1.7). Therefore 9,N is n, -invariant and hence can be written as a
polynomial in N,,...,N,_, [27, Theorem 3.1]. It follows that 9, N = N,_, on Z. Since
N,= N, - N,_, by construction, (1.11) implies

(BIN,IN,))s = (N,|3,N - N, )s = (N,|N,)s >0. QE.D.

COROLLARY 2.4. Supposen € N7 ' andn__, > 0. Then

Conytkoom, +hok+1) = (k+ l)C(n,+k.....n,~,+k,k)

for all k € N. Hence (2.5) is true for all signatures in N, if it holds for all signatures in
N7
Let B(a, b) := T'(a)I'(b)/T(a + b) denote the Beta-function.
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LEMMA 2.5. Denote by N, and P, the conical and spherical polynomials, resp.,
associated with m € N, . Then

(PulPo)s _ 1 B(m, —m,3(¢+1-p))
(leNm)S l<p<q<r B(mp_mq?%(q_p))
PROOF. By [25] the K-module E,, has the highest weight

p=- 2 MY,
k=1
where vy,,. . .,7, denote the Harish-Chandra strongly orthogonal noncompact roots of
£€ with respect to a Cartan subalgebra b containing the vector fields {e,e}z}(3,/9z)
for 1 <k<r. Let H¢ = HC @ h, be the canonical decomposition with respect to
e € S (cf. [27, Lemma 1.2]). Then the nonzero restrictions A = a|h€, of positive
compact roots a have the form A = (v, = v,)/2 for 1 <p < g <r, occurring with
common multiplicity m(A) = s (cf. [25]). It follows that

1 _ s C _r+1
""230’"(")"“23,(" 2 )Y"'

Choose a K-invariant hermitian scalar product ( | ) on € such that iz(d/9z) is
orthogonal to the derived ideal t’ and (v,|v,) = 28,, for 1 <p, g <r. The dual
group of the compact semisimple Lie group K’ generated by f’ has an Iwasawa
decomposition. Therefore the quotient (P, | P, )s/(N,,|N,,)s can be expressed as an
integral (cf. [29, p. 211, proof of Theorem 3.3.1.1]). Evaluating this integral as in [29,
9.1.6, p. 325] yields

(Pmle)S/(leNm)S = I(f"‘ + p)/I(p)’
where for any linear form 8 on h<, we put

o= Lol sy

Now the result follows by direct computation. Q.E.D.

—_~

LEMMA 2.6. Suppose m € N, . Then

I m,—m,+3(qg—p) B(m,—m,5(g—p—1)+1)

(2.6) dimE, = .

I<p<g<r 3(q—p) B(mp_mq,%(q+ 1 —P))
and
@) 1 I B(m,—m,3(qg—p—1)+1)

(leNm)S |<p<q<r B(mp—mq,%(q—p) + 1)

PrOOF. For the special cases r < 2 or s = 1, (2.6) follows easily by inspection and
from Weyl’s dimension formula [29, Theorem 2.4.1.6). Hence we may assume r = 3
and s = 2. Then s is even and the positive roots a not vanishing on <, have the
form

a=(v,~)/2% B},
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where 1 <p <g<r,1<;<s/2 and B;, are linear forms on b€ vanishing on b€
(cf. [25]). Defining p, as in [25], it follows from [25, Lemma 12] that

{=(polB,): 1<j<s/2) = {=(j—1):1<j<s/2}.
Another application of Weyl’s formula gives (2.6). Combining (2.6), Lemma 2.5 and
(2.4) yields (2.7). Q.E.D.

PROOF OF THEOREM 2.1. We first prove Theorem 2.1 for irreducible JB*-algebras
Z by induction on the rank r of Z. If r = 1, then Z = C and (2.5) is clear. If r = 2,
then Z ~ C" is a “spin factor” of type (2, n — 2,0). In this case the assertion (2.5)
for signatures (m,0) follows from straightforward calculations (cf. [2]). By Lemma
2.4, (2.5) is true for all signatures m € N5 .

Now assume Z is of type (r, s,0) with » > 3. Then Z : = Z,_,, defined in (2.1), is
an irreducible JB*-algebra of type (r — 1, 5,0). By Lemma 2.4 it suffices to prove
(2.5) for signatures m = (m,,...,m,_,,0) € N'"'. Then, by construction, N, €
P(Z) C P(Z). Since the generic norms of Z and Z agree on Z, it follows that
(N,,IN,), = (N,|N,)z. Since the irreducible Aut(Z)’-module generated by N, has
signature (m,,...,m,_,), we can apply the induction hypothesis for Z and (2.7) to
conclude that (2.5) holds for Z.

Now assume Z is an irreducible JB*-triple of type (r, s, t). Then Z := Z,, defined
in (2.1), is an irreducible JB*-algebra of type (7, s,0). Further, the group L (cf. (2.3))
commutes with the Peirce projection onto Z. By (2.3) the spherical polynomial P,
associated with the signature m € N/, lies in 9( Z), whence

(Pl Pr)7 = (Pl P
According to (2.4) the integral scalar products are related to the dimensions of the
corresponding K-module E,, C $(Z) and Aut(Z)’-module E,, C (’f(z ). Therefore
the assertion follows from the first part of the proof, applied to Z, and from the
following lemma. Q.E.D.

LEMMA 2.7. Suppose Z is an irreducible JB*-triple of type (r, s, t). Then
dimE, & B(ms(r—j)+1)
dimE, = B(m,3(r—j)+1+1)

PrOOF. Denote by F, , , the irreducible GL(k, C)-representation with signa-
ture n, = --- = n, = 0. The classical irreducible JB*-triples Z with ¢ > 0 are of type
(r,2,t)or(r,4,2). In these cases we have, respectively,

Em ~ F;m“..,m,) ® Enr,.....m,.O.....O) (t ZCTOS),

Em ~ Em, ..... m,) ® Em. ..... m,)° or
Em ~ Em,,m,.4.4.m,.m,‘0)‘ Em ~ Em..ml.”..m,.m,)'

In both cases Lemma 2.7 follows from [12, (1.2.10)]. For the exceptional domain of
type (2, 6, 4), apply Weyl’s dimension formula to K ~ Spin(10) - T. Q.E.D.

We now apply Theorem 2.1 to analyze the fine structure of certain Toeplitz
operators.
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LEMMA 2.8. Suppose Z is an irreducible JB*-algebra, v € Z and m € N'.”'. Then
B(E,)CE, wheren:= (m, +1,....m,_,+ 1,0).

ne

PROOF. Suppose n € N/, ! satisfies (B,(E,,)|E,)s # 0. By Lemma 2.4 it follows
that

Comy vkt m, skl kD) = (k + I)C(n,+k.,...n,,‘,+k.k)

for all k € N. By Theorem 2.1 (applied to k and k + 1), this implies

II(m+k+1+3(r—)=1] (n,+ k+3(r—Jj)),

j=1 j=1
whencem; + 1 =n,forallj<r. QED.
Given a signature m = (m,...,m,) € N, define, for | <j <,
m*e = (my,...om_ . m,x1Lm, .. .. .m)

and put £,,., = {0} if m = ¢, is not a signature.

LEMMA 2.9. Suppose Z is an irreducible JB*-triple and m € N’, . Then the conical
polynomial N, satisfies

(Uéa_)Nm € ze Em—s
z k<j<r !

forall v € 23 < y<r—Z,,and 0 < k <r.

Proor. We may assume v € Z, for 0 < p < g <r — k. Further, we may assume
Z is a JB*-algebra since v(0/dz)N,, = 0 if p = 0. The proof is by induction on r, the
case r = 1 being trivial. If r =2, then Z _,, defined in (2.1), is an irreducible
JB*-algebra of rank r — 1. Now N, = N, - N™ where n := (m; —m,,...,m,_, —
m,,0). For [ := v*, the product rule implies

r-n

(Ui)N = N""‘(v—a—N ) + m NN’"'_'a,N.
az/ ™ dz "

To treat the first summand, observe that (v(3,/9z))N, =0 if p = 1. Hence we may
assume 0 # v € Z,_, and, therefore, 0 < k <r — 1. The induction hypothesis ap-
plied to Z,_, yields

(oi)N,,e >®E,_..
aZ - n—g;
k<j<r

To treat the second summand, we may assume m, = 1. If p < g <r — k, then

A = {veyz}(9/9z) € n . by [27, Theorem 1.7] and a straightforward computation
shows

w:i=exp(A4)(e,) =e,+ v/2 + ae,

for some a € C. Since N is n -invariant, it follows that

(wa%N)(exp(A)z) = (eq%N)(z).
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Hence we may assume p = ¢ and v = e, for | <g<r — k. Since N, € }((Z), it
follows that 9,N - N, = B(N,) + N - A(N,). By Lemma 28 B,(N,) €
Ei.. . m,_,0- On the other hand, if ¢ =2, the induction hypothesis, applied to
v € Z,_ |, together with Proposition 1.8 and Corollary 1.4 imply
AU(AI") E 2® E"_t‘ N
k<j<r '
If g =1, then9,N = N,_, implies 4 (N,) = 0. Q.E.D.
In view of Corollary 1.4 and Proposition 1.5, Lemma 2.9 has the following
consequence:

COROLLARY 2.10. Suppose v € Z. Then

9 ®
(oa)Em c 2°E,_.

I<j<r

and

{ZU*Z}_a‘Em c 269 Em+s
dz 1</<r g
Combining Corollary 1.4, Proposition 1.5, Theorem 2.1 and Corollary 2.10
enables us to describe the relationship between “basic” Toeplitz operators and
differential operators in an explicit form:

THEOREM 2.11. Suppose Z is an irreducible JB*-triple of type (r, s, t). Forv € Z
put | := v*. Then

'p=2

i=1

j=

(mj +%(r —j)+ t)—l(va%p)

M_El

and
_ < s, PN
Tp=2 (mj—z(J— 1)) ({ZU 2}51’) .
j=] m¥e,

for allp € E, and m € N, , the subscript m * ¢; denoting the respective Peter-Weyl
component.

COROLLARY 2.12. The commutator [T}, T}] is a “diagonal” operator, i.e. [T}, T|]E,,
C E,, for all signatures m € N’ .

PROOF. Suppose 1 <, k < randj # k. Then
0 0
DE(TIP)m+ek - Tl( ng)m—e/
has vanishing (m + ¢, — ¢;)-component, if m € N, and p € E,, since [v(3/02), T]
= I(v) - id is a diagonal operator. Now apply Theorem 2.11. Q.E.D.

3. The Toeplitz C*-algebra. The mapping f+ T, from L*(S) into the C*-algebra
£(H) of all bounded linear operators on the Hilbert space H := H?*(S) is by
definition (completely) positive but not a homomorphism. In particular, Toeplitz
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operators are in general not normal and do not necessarily commute. The
appropriate object to study Toeplitz operators is therefore the C*-algebra
CX(T;: f € Z) generated by all Toeplitz operators T; with f belonging to a certain
“symbol algebra” 2 C L*(S). For £ = L*(S), the structure of the corresponding
C*-algebra is unknown even in the simplest case of the unit circle S C C (cf. [9, §7]).
For continuous symbols f € C(S) however, there exists a satisfying structure theory
for the Toeplitz C*-algebra T := C*(T;: f € C(S)) associated with the Shilov
boundary S of a bounded symmetric domain D of arbitrary rank. The following
results concerning the structure of & generalize results of C. Berger, L. Coburn and
A. Koranyi [1, 2, 7] for domains of rank < 2.

LEMMA 3.1. The Toeplitz C*-algebra 7 acts irreducibly on H*(S).

PrOOF. Put H := H?*(S) and let 7 € £(H) be a projection commuting with .
Define f:= #(1) € H. Then 7n(g) = m(T,1) = T,f = gf for all g € P(Z). Given
z € D, define S, € H by S(v) = §(v,z) for all v €S, & denoting the Szegod
kernel (cf. [17, p. 344)). It follows that

(7(5.)18)s = (S.17(8))s = (S.18f )s = g(2)f(2)
=f(z)(5.18)s

using the reproducing property of &. Since g € P(Z) is arbitrary, f(z) is an
eigenvalue of 7, hence f = 0 or f = 1 since D is a domain. Q.E.D.
For irreducible domains of tube type there exists a tensor product representation

(cf. §1)

(3.1) H*(S) = 3(Z) ® HX(T).

Let C denote the unital C*-algebra (acting on J(( Z)) generated by all operators 4,
for v € Z. Then also B, € C and for fixed ¢ € T, the operators A, + B, forv € Z

generate an abelian C*-subalgebra of ©, as follows from Proposition 1.8. In
particular, C is generated by two abelian C*-subalgebras (cf. [23]).

PROPOSITION 3.2. Let Z be an irreducible JB*-algebra. Then & is a C*-subalgebra of
the C*-algebra tensor product C ® 9. (with respect to (3.1)) and the closed commutator
ideal 7' of T satisfies ' =C® H ;. Here Iy (resp. Hy) denotes the Toeplitz
C*-algebra (resp. the C*-algebra of all compact operators) on H*(T).

PROOF. The first statement is immediate from Proposition 1.7. Denote by £ the
identity function on T. Then P := [T, T;] = id — T,T* is the orthogonal projection
from H*(T) onto C - 1, hence P € ¥ ;. By Proposition 1.7 the operators id ® P =
[T¥, Ty] and 4% ® P = [T}, Ty]7, belong to I, where v € Z and / := v*. Hence
C® K, C I’ since Ky is a simple C*-algebra. Conversely, the commutation rules
(Proposition 1.8) imply [T}*, T;] = BB, ® P € C® K . Since J" is generated (as an
ideal) by such commutators, the assertion follows with Proposition 1.7. Q.E.D.

By [20, Theorem 6.3], the “boundary components” of a bounded symmetric
domain D are related to the tripotents of the associated JB*-triple Z. It will now be
shown that to each tripotent e € Z there corresponds an irreducible representation of
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the Toeplitz C*-algebra J. Let Z = Z,(e) ® Z, ,5(e) ® Z(e) be the Peirce decom-
position induced by e [20, Theorem 3.13], where Z,(e) := {z € Z: {ee*z} = jz}. Let
S, be the Shilov boundary of the bounded symmetric domain D N Z, contained in
the JB*-subtriple Z, := Z,(e) of Z. Endow S, with the probability measure u,
invariant under K, := Aut(Z,)°. Then e ® S, C S, since S consists of all tripotents
of maximal rank [20, Theorem 6.5]. Given f€ C(S), define f, € C(S,) by
f.lw):= f(e+w) for all w € §,. Denoting the generic trace of Z by ( | ) put
H/(z) := exp(z|e) and define “peaking functions”

hi(z) = H)(z)/|Hl]s

for all i €N, || ||s denoting the norm in H?*(S). For sequences ( f) and (g) in
H?(S), we shall write f, ~ g, if lim,_ .|| f, — g;lls = 0.

LeEMMA 3.3. Let Z be a JB*-triple and e € Z a tripotent. Then for any f € C(S):
. i 2
po(f) = lim [ fln]" du.
i—oovYS

PRrOOF. Suppose sup |f,(S,)|< & <e. According to [20, Lemma 6.2], there exist
neighborhoods ¥V C U C S of e @ S, such that sup |f(U)|< € and
sup |H,(z)| < inf |H,(z)|.
g U eV
For the probability measures p, := | A, * - p this implies lim,_ p,(1 s\of) =0 and,
hence, letting ¢ — 4,

lim suplu,(f)] < 8.
11— o0

It follows that every accumulation point A of (,);cn actually defines a probability
measure on S,, which is obviously K -invariant since any y € K, has an extension
g € K fixing e. By the uniqueness of p,, a compactness argument implies
lim, . ot(f) = p(£). QED.

COROLLARY. 3.4. For all p € P(Z) and q € P(Z,) C P(Z) (via the Peirce projec-
tion) we have T,(h,q) ~ h'(T, q).

PROOF. Since p — p, vanishes on e © S,, Lemma 3.3 yields the assertion. Q.E.D.

In order to prove a similar result for the adjoint operators, some preparation is
needed. In the next two lemmas, Z is assumed to be irreducible. There exists a frame
{e,,...,e,} of Z such thate=¢, ,_, + --- +e, for some k € {0,...,r}. For any
fixed p € N7%, let P, denote the orthogonal projection of H(S) onto the Hilbert
sum of all K-modules E,, with signatures of the form m = (m,...,m,, p).

r

LEMMA 3.5. Forp = (my,\,...,m,) ENT*putm:= (m,,\,...,m, ., n) €N’ .
Then
(3.2) PN, € P(H*(S)),
s . -! 0
(33)  TN)= 2 (m+5G-n+1) B (pogN))
k<j<r 2 ! 9z

whenever p € P(Z,(e)), v € Z, and | := v*.
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PROOF. Every v in the commutator group of Aut(Z,(e))° has an extension g € K
satisfying N, o g = N, and g|Z, = id. Hence we may assume p = N/' --- N/t and,
therefore, pN,, = N, for some signature n = (n,,...,n;,, u) € N, . Then (3.2) is
clear. Since v € Z,, Lemma 2.9 and Theorem 2.11 imply

T*(pN,)= 3 (mj+%(r—j)+t)-l(u%(me)) . Q.E.D.

k<j<r n—e;
LEMMA 3.6. Suppose q € P(Z,) and v € N7 *. Then
P,(hq) ~ h.q,.
PrOOF. We may assume ¢ is the conical polynomial on Z, with signature

u € N %, Since N,, — ¢ vanisheson e ® S,, Lemma 3.3 implies P,(h'g) ~ P(h.N,,).
If u # », then P,(h.N,)) = 0 by (3.2) and g, = 0. If p = », then (3.2) implies

P(H,N,) = h,N, ~h\q=hlq, QED.

LEMMA 3.7. Let Z be a JB*-triple, p € P(Z) and q € P(Z,). Then 7},*(hi,q) ~
h(Trq).

PRrOOF. By simple tensor product considerations, we may assume Z is irreducible.
Further, using multiplicative properties, we may assume p = v* is linear. If v € Z",
then p — p, vanishes on e® S, and p, is constant, hence applying the Szegd
projection 7 and Lemma 3.3 yields the assertion. Now assume v € Z,. Since every
y € K, has an extension g € K fixing e, we may assume q is the conical polynomial
on Z, with signature p = (m,,...,m,) € N.%. Since Z, is of type (r — k, s, t)
andr —j=(r — k) — (j — k) forj > k, Theorem 2.12 implies

(3.4) TH= 3 (mj+%(r_j)+t)_l(0_aa;q)#_5,'

k<_j<r
Since v(3,/9z)(N,, — q) vanishes on e ® §,, Lemmas 3.3 and 3.6 imply

i i i i i d
P (elogemn)) ~ e (o ga)) i vza),
Combining this with (3.3) and (3.4), we obtain
Ty(hiq) ~ Ty(hN,) ~ hi(T%q). QE.D.
Denote by 9, the x-algebra generated by all Toeplitz operators T, for p € 9(2).
THEOREM 3.8. For each tripotent e of a JB*-triple Z there exists an irreducible
representation (“e-symbol”) o, of the Toeplitz C*-algebra. § on the Hardy space
H?(S,), uniquely determined by one of the following properties:
() 0(T)) = T, for all f € E(S);
(ii) lim, _, || A(hLq) — hi(o,(A)q)lls =0, if A € I, and g € F(Z,) C P(Z).

PrOOF. Let @ denote the set of all operators 4 € 9, such that (ii) is true for some
operator 0,(A) on P(Z,). By Lemma 3.3, 6,( A) is uniquely determined by 4 and

(3.5) lo.Ca)] <4l
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for the respective operator norms. By definition & is an algebra and o,: @ —
L(H*(S,)) is a homomorphism. For every p € 9(Z), it follows from Corollary 3.4
that 7, € @ and 0(7,) = T,,. Further, Lemma 3.7 implies 7} € @ and o(T)) = T.
Hence @ = 9, and, by (3.5), o, has a unique extension to a C*-algebra homomor-
phism on ¥ satisfying (i). Since o,(9 ) is the Toeplitz C*-algebra on S,, o, is
irreducible by Lemma 3.1. Q.E.D.

PROPOSITION 3.9. The representations o, of 9 for tripotents e € Z are mutually
inequivalent.

PROOF. Suppose e and c are different tripotents of rank & and j, respectively. Then
e® S, c®S,. This is clear if k # j and it follows from [20, Lemma 6.2] if k = j.
By Urysohn’s theorem there exists f € C(S) vanishing on e ® S, but not on ¢ ® S,.
Hence T} € ker(o,)\ker(s,). Q.E.D.

The irreducible representations corresponding to maximal tripotents e € S are

1-dimensional, i.e. characters. We will now show that these are the only characters of
-
J.

LEMMA 3.10. Let I denote the closed commutator ideal of J. Then T,T, — T,, € T’
whenever f, g € C(S).

PrROOF. By Stone-Weierstrass the linear space generated by all functions pg for
P, q € P(Z) is a dense *-subalgebra of C(S). Hence the assertion follows from

BT = Trafe = 7}*[7}’ 7}*] T,€J. QED.

PROPOSITION 3.11. The mapping f > T, induces a C*-algebra isomorphism C(S)~
9/3". Hence every operator A € J has a unique representation A = T, + A’, where
fEC(S)and A’ €.

PrOOF. By Lemma 3.10 the mapping f+ T, is a homomorphism onto the
C*-algebra /9. Since H*(S,) ~ C for all e € S, the homomorphisms o, for all
e € S yield a homomorphism & — C(S) vanishing on 9. Obviously these homomor-
phisms are reciprocal. Q.E.D.

Generalizing Proposition 3.11, we can show that the representations o, induced by
tripotents e € Z constitute all irreducible representations of J. This implies, by
general C*-algebra theory [8, Chapter 10], that 9 is a solvable C*-algebra of length
r := rank(D) (cf. [10]) with spectral components S, := {e € Z: e tripotent of rank
k} for 0 < k < r. The key fact is that an operator A € ¥ satisfying 6,(A4) = 0 for all
nonzero tripotents e is actually compact. The proof of this is based on the explicit
construction of completely positive “smooth” cross-sections 7, of the k-symbol
homomorphisms o, := (0,),c;, for 0 < k <r, generalizing the Toeplitz map f+> T,
(for k =r) and also the “Friedrichs map” for pseudo-differential operators on
spheres. The details will appear in a forthcoming publication.
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